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This paper presents an observability estimate for the heat equation inΩ× (0, T ), whereΩ
has a real analytic boundary ∂Ω . The observation region isω×E, whereω and E are positive
measurable subsets of Ω and (0, T ) respectively. The building of this estimate is based
on a slightly modified version of the new estimate established in Apraiz and Escauriaza
(2012) [15], the technique developed in Phung and Wang (2012) [11] and the shortcut of
the Lebeau–Robbiano strategy provided in Miller (2010) [3].
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1. Introduction
Let T be a positive number andΩ be a bounded domain in Rn, n ≥ 1. Suppose thatΩ has a real analytic boundary ∂Ω .
Consider the following heat equation:ut(x, t)−1u(x, t) = 0 inΩ × (0, T ),u(x, t) = 0 on ∂Ω × (0, T ),u(x, 0) ∈ L2(Ω). (1.1)
On one hand, we will treat a solution of Eq. (1.1) as a function from [0, T ] to L2(Ω) and denoted it by u(·) in this case. On
the other hand, when a solution of Eq. (1.1) is treated as a function of two variables x and t , it will be denoted by u(·, ·). In
the case where there is no risk to cause any confusion, we denote a solution of this equation by u. An interesting issue on
Eq. (1.1) is observability estimates. Two important types of such estimates are as follows:
∥u(T )∥L2(Ω) ≤ C(Ω,T ,ω,E)∥u(·)∥Lp(E;Lq(ω)), (1.2)
for all solutions u to Eq. (1.1). Here and in what follows, E and ω denote subsets of (0, T ) andΩ , respectively, 1 ≤ p, q <∞
and C(···) stands for a positive constant depending on what are enclosed in the brackets;
∥u(·, T )∥L2(Ω) ≤ C(Ω,T ,D)∥u(·, ·)∥Lp(D) (1.3)
for all solutions u to Eq. (1.1), where D is a subset of Ω × (0, T ). These two types of estimates are equivalent to the
corresponding null controllability, respectively. In the first case, the control is restricted over ω × E, while the control is
active overD in the second case.
In the case when E = (0, T ) and ω is a non-empty open subset, the estimate (1.2), where p = q = 2, was built up
in [1] (see also [2]). In [1], a null control over ω × (0, T ) was given in a constructive manner, through a sharp estimate on
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eigenfunctions of the Laplacian and an iteration method. This, together with the equivalence between null-controllability
and the observability, yields (1.2). In [3], this estimatewas directly derived from a shortcut of the Lebeau–Robbiano strategy.
In fact, there have been a lot of studies about these two types of estimates for parabolic equations (see, for instant, [4–8] and
the references therein). Most of them are based on the Carleman inequalities (for linear parabolic equations) established
in [4].
In the case whereω, E (or one of them) andD are subsets of positive measure, the above-mentioned two estimates have
independent interest. From such estimates, one can derive different kinds of bang–bang properties for time optimal control
problems of heat equations (see, for instance, [9–11]). In [9], the estimate (1.2), where ω is a nonempty open subset, E is a
subset of positive measure, p = 1 and q = 2, was obtained from the null-controllability of the heat equation with controls
restricted overω×E; while such null-controllabilitywas built up through the above-mentioned sharp estimate (see [1]), the
iteration method (see [12]) and a fundamental property about density points of a Lebesgue measurable set in R1 (see [13]).
In [11], the estimate (1.3) was established for heat equations with lower terms depending on both t and x, when p = 1
and D = ω × E, where ω and E are an open (and nonempty) subset and a subset of positive measure respectively. The
key to build such an estimate is a new strategy developed in [11], i.e., a kind of unique continuation estimate (built up in
either [14] or [11]) implies such kind of observability estimate. Recently, the estimate (1.2) where ω is a subset of positive
measure, E = (0, T ) and p = q = 2, has been obtained in [15], where an inequality involving measurable sets for a class
of real analytic functions was set up in an intelligent way. This inequality is analogous to Hadamard’s three-circle theorem
(see [16]). From this inequality, the estimate of Lebeau–Robbiano type, the desired estimate follows.
The purpose of the current study is to set up the estimate (1.3) where p = 1, both ω and E are subsets of positive
measure. We reach the aim by a slightly modified version of the estimate of Lebeau–Robbiano type established in [15], the
technique developed in [11] and the shortcut of the Lebeau–Robbiano strategy provided in [3]. We believe that with the aid
of the aforementioned slightlymodified version of the estimate of Lebeau–Robbiano type, the same aim can also be achieved
through utilizing the method offered in [9]. Now, the main result of this paper is presented as follows:
Theorem 1.1. Let T > 0 and let Ω be a bounded domain in Rn, n ≥ 1. Suppose that Ω has a real analytic boundary. Then for
each subset ω ⊆ Ω of positive measure and each E ⊆ (0, T ) of positive measure, it holds that
∥u(·, T )∥L2(Ω) ≤ C(Ω,T ,ω,E)

ω×E
|u(x, t)| dxdt, (1.4)
for any solution u to Eq. (1.1).
To the best of my knowledge, the observability estimate (1.4) has not been touched upon from the past publications.
However, this estimate is far from the estimate (1.3), whereD is a subset ofΩ × (0, T )with a positive measure and p = 1.
The reason is as follows: there does exist a subset inΩ×(0, T )with a positivemeasure, which does not contain any product
of subsets F1 ⊆ Ω and F2 ⊆ (0, T )with positive measures.
2. Proof of Theorem 1.1
Throughout the rest of the paper, the following notation will be used frequently. For each measurable set A ⊆ Rn, n ≥
1, |A| stands for its Lebesgue measure in Rn, and χA stands for its characteristic function. Before giving the proof of
Theorem 1.1, we introduce three lemmas. The first one is quoted from [11].
Lemma 2.1 ([11, Proposition 2.1]). Let E ⊆ (0, T ) be a measurable set with a positive measure, and let l be a density point for
E. Then for each z > 1, there exists a l1 ∈ (l, T ) such that the sequence {lm}+∞m=1, given by
lm+1 = l+ 1zm (l1 − l), (2.1)
satisfiesE(lm+1, lm) ≥ 13 (lm − lm+1). (2.2)
The second one is quoted from [15]. To state it, we write {λi}+∞i=1 , with 0 < λ1 < λ2 ≤ · · · , for the eigenvalues of −∆
with the Dirichlet boundary condition. Let {ei}+∞i=1 be the corresponding eigenfunction, which serves as an orthonormal basis
of L2(Ω).
Lemma 2.2 ([15]). Let Ω be a bounded domain in Rn, n ≥ 1. Suppose that Ω has a real analytic boundary. Then for each subset
ω ⊆ Ω of positive measure, there exist two positive constants C1 = C(Ω,ω) and C2 = C(Ω,ω) such that
λi≤λ
|ai|2
 1
2
≤ C1eC2
√
λ

ω

λi≤λ
aiei(x)
 dx (2.3)
for each finite λ > 0 and each choice of the coefficients {ai}λi≤λ with ai ∈ R.
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Remark 2.3. The estimate (2.3) is not written explicitly in [15], but it is obvious from the proofs of Theorems 1 and 3 in [15].
Indeed, we could replace ∥u∥L2(ω×[ 14 , 34 ]) by ∥u∥L1(ω×[ 14 , 34 ]) on the right hand side of the estimate (2.8) in [15].
Now, we present the third lemma which plays an important role in the proof of Theorem 1.1. To serve such a purpose,
we set, for each λ > 0, Eλ = span {ei(x)}λi≤λ, and denote by E⊥λ the orthogonal complement space of Eλ in L2(Ω). According
to Lemma 2.2, it holds that
∥ξ∥L2(Ω) ≤ C1eC2
√
λ∥ξ∥L1(ω) for each ξ ∈ Eλ, (2.4)
where C1 and C2 are the constants in (2.3). Write {et∆}t≥0 for the semigroup generated by the operator ∆ (with domain
H2(Ω)

H10 (Ω)) in L
2(Ω). One can easily check that
∥et∆ξ∥L2(Ω) ≤ e−λt∥ξ∥L2(Ω) for each ξ ∈ E⊥λ , t ≥ 0. (2.5)
Arbitrarily fix a r such that
r ∈

0,

C22 + 4− C2

/10
2
, (2.6)
where C2 is the constant in (2.4). Then we define a function f by setting
f (s) = 1
C1
exp

−6C2r
− 12 + 30
5s

, s > 0, (2.7)
where C1 and C2 are the constants in (2.4).
Lemma 2.4. Let E ⊆ (0, T ) be a measurable set with a positive measure, and r and f be given by (2.6) and (2.7) respectively.
Then there exist T ′ ∈ (0, T ) and q′ ∈ (0, 1) such that the inequality
f (lm − lm+1)∥elm∆ξ∥L2(Ω) − f (q(lm − lm+1))∥elm+1∆ξ∥L2(Ω) ≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt, m ∈ N, (2.8)
holds, when ξ ∈ L2(Ω), q ∈ [q′, 1) and 0 < lm − lm+1 ≤ T ′. Here {lm}+∞m=1 is any sequence in (0, T ) such that l1 > l2 > · · · and
such thatE(lm+1, lm) ≥ 13 (lm − lm+1) for each m ∈ N. (2.9)
Proof. Let
Fm =

t − (lm − lm+1)/6 : t ∈ E

(lm+1 + (lm − lm+1)/6, lm)

, m ∈ N.
Clearly, it holds that
Fm = E

(lm+1 + (lm − lm+1)/6, lm)− {(lm − lm+1)/6} , m ∈ N, (2.10)
Fm ⊆ (lm+1, lm+1 + 5(lm − lm+1)/6)
and
|Fm| =
E (lm+1 + (lm − lm+1)/6, lm) ≥ 13 − 16

(lm − lm+1) = lm − lm+16 . (2.11)
Now, we arbitrarily fix a ξ ∈ L2(Ω). It follows from the energy decay property of the heat equation thatelm+1+ 56 (lm−lm+1)∆ξ
L2(Ω)
≤ ∥et∆ξ∥L2(Ω) for each t ∈ Fm.
Integrating the above inequality over Fm

(lm+1, lm+1 + 5(lm − lm+1)/6) leads to the estimate lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)
elm+1+ 56 (lm−lm+1)∆ξ
L2(Ω)
dt ≤
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)∥et∆ξ∥L2(Ω) dt.
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Along with (2.11), this indicates thatelm+1+ 56 (lm−lm+1)∆ξ
L2(Ω)
≤ 6
lm − lm+1
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)∥et∆ξ∥L2(Ω) dt
≤ exp

6
lm − lm+1
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)∥et∆ξ∥L2(Ω) dt. (2.12)
Let r be given by (2.6). Then set
λm = 3625r(lm − lm+1)2 , m ∈ N. (2.13)
Since et∆φ ∈ Eλm for each φ ∈ Eλm and each t ≥ 0, it follows from (2.12) and (2.4), where λ = λm, that for each φ ∈ Eλm ,elm+1+ 56 (lm−lm+1)∆φ
L2(Ω)
≤ C1 exp

6C2r−
1
2 + 30
5(lm − lm+1)
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)∥et∆φ∥L1(ω) dt. (2.14)
Then, we write ξ = ξλm + ξ⊥λm , where ξλm ∈ Eλm and ξ⊥λm ∈ E⊥λm . Let f be given by (2.7) with r provided above. Since
ξλm ∈ Eλm , it holds that e((lm−lm+1)/6)∆ξλm ∈ Eλm . Thus, the estimate (2.14) where φ = e((lm−lm+1)/6)∆ξλm , together with (2.7),
yields that
∥elm∆ξλm∥L2(Ω) ≤
1
f (lm − lm+1)
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)
et+ 16 (lm−lm+1)∆ξλm
L1(ω)
dt.
This implies that
f (lm − lm+1)∥elm∆ξλm∥L2(Ω) ≤
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)
et+ 16 (lm−lm+1)∆ξ
L1(ω)
dt
+
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)
et+ 16 (lm−lm+1)∆ξ⊥λm
L1(ω)
dt
≤
 lm
lm+1+ 16 (lm−lm+1)
χFm

t − lm − lm+1
6

∥et∆ξ∥L1(ω) dt
+ |Ω| 12
 lm+1+ 56 (lm−lm+1)
lm+1
χFm (t)
et+ 16 (lm−lm+1)∆ξ⊥λm
L2(Ω)
dt.
By the above estimate and the equality (2.10), we deduce that
f (lm − lm+1)∥elm∆ξλm∥L2(Ω) ≤
 lm
lm+1+ 16 (lm−lm+1)
χE (t)∥et∆ξ∥L1(ω) dt
+ 5
6
|Ω| 12 (lm − lm+1)
elm+1+ 16 (lm−lm+1)∆ξ⊥λm
L2(Ω)
≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt + |Ω|
1
2 (lm − lm+1)
elm+1+ 16 (lm−lm+1)∆ξ⊥λm
L2(Ω)
. (2.15)
By the triangle inequality and the estimate (2.15), we see that
f (lm − lm+1)∥elm∆ξ∥L2(Ω) ≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt + |Ω|
1
2 (lm − lm+1)
elm+1+ 16 (lm−lm+1)∆ξ⊥λm
L2(Ω)
+ f (lm − lm+1)∥elm∆ξ⊥λm∥L2(Ω).
This, together with (2.5), shows that
f (lm − lm+1)∥elm∆ξ∥L2(Ω) ≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt + |Ω|
1
2 (lm − lm+1)e−λm(lm−lm+1)/6∥elm+1∆ξ⊥λm∥L2(Ω)
+ f (lm − lm+1)e−λm(lm−lm+1)∥elm+1∆ξ⊥λm∥L2(Ω)
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≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt
+

|Ω| 12 (lm − lm+1)+ f (lm − lm+1)

e−λm(lm−lm+1)/6∥elm+1∆ξ⊥λm∥L2(Ω).
Since f (lm − lm+1) ≤ f (T ) and ∥elm+1∆ξ⊥λm∥L2(Ω) ≤ ∥elm+1∆ξ∥L2(Ω), the above estimate indicates that
f (lm − lm+1)∥elm∆ξ∥L2(Ω) −

|Ω| 12 T + f (T )

e−λm(lm−lm+1)/6∥elm+1∆ξ∥L2(Ω) ≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt. (2.16)
Next, we set
q′(T ′) =

5C2r
1
2 + 25r

1− 25rT
′
6
ln

C1(|Ω| 12 T + f (T ))
−1
,
where C1 and C2 are the constants in (2.4). Since (5C2r
1
2+25r) < 1 (which follows from that r ∈ (0, ((

C22 + 4−C2)/10)2)),
there exists a T ′ ∈ (0, T ) such that q′ , q′(T ′) ∈ (0, 1). Then, by (2.7) and (2.13), after some direct computations, we can
get that
|Ω| 12 T + f (T )

e−λm(lm−lm+1)/6 ≤ f (q(lm − lm+1))
for each lm with 0 < lm − lm+1 ≤ T ′, and each q ∈ [q′, 1). This, along with (2.16), leads to the desired estimate (2.8) and
completes the proof. 
Finally, we present the proof of Theorem 1.1.
Proof of Theorem 1.1. Let T ′ and q′ be the positive numbers provided by Lemma 2.4. Set z−1 = max{q′, 1− T ′T }. It is obvious
that z > 1. Let l be a density point for E ⊆ (0, T ). Then, according to Lemma 2.1, there exists a l1 ∈ (l, T ) such that the
sequence {lm}+∞m=1, given by
lm+1 = l+ 1zm (l1 − l),
satisfiesE(lm+1, lm) ≥ 13 (lm − lm+1).
On the other hand, it follows from the definitions of z and {lm}+∞m=1 that
lm − lm+1 = z − 1zm (l1 − l) ≤
z − 1
z
T ≤ T ′, m ∈ N.
Since z−1 ∈ [q′, 1), we can apply Lemma 2.4 with q = 1/z to obtain that for eachm ∈ N,
f (lm − lm+1)∥elm∆ξ∥L2(Ω) − f

(lm − lm+1)/z
∥elm+1∆ξ∥L2(Ω) ≤  lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt for each ξ ∈ L2(Ω). (2.17)
Because lm+1 − lm+2 = (lm − lm+1)/z,m ∈ N, it follows from (2.17) that when ξ ∈ L2(Ω) andm ∈ N,
f (lm − lm+1)∥elm∆ξ∥L2(Ω) − f (lm+1 − lm+2)∥elm+1∆ξ∥L2(Ω) ≤
 lm
lm+1
χE (t)∥et∆ξ∥L1(ω) dt. (2.18)
Summing (2.18) fromm = 1 to infinity, we find that
∞
m=1

f (lm − lm+1)∥elm∆ξ∥L2(Ω) − f (lm+1 − lm+2)∥elm+1∆ξ∥L2(Ω)
 ≤  T
0
χE (t)∥et∆ξ∥L1(ω) dt. (2.19)
Since f (lm+1 − lm+2) tends to zero asm →∞, it follows from (2.19) that
f (l1 − l2)∥el1∆ξ∥L2(Ω) ≤

E
∥et∆ξ∥L1(ω) dt.
This, along with the inequality:
∥eT∆ξ∥L2(Ω) ≤ ∥el1∆ξ∥L2(Ω),
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indicates that
∥eT∆ξ∥L2(Ω) ≤
1
f (l1 − l2)

E
∥et∆ξ∥L1(ω) dt
= C1 exp

6C2r−
1
2 + 30
5(l1 − l2)

E
∥et∆ξ∥L1(ω) dt
= C(Ω,T ,ω,E)

E
∥et∆ξ∥L1(ω) dt,
which implies that
∥u(·, T )∥L2(Ω) ≤ C(Ω,T ,ω,E)

E
∥u(·, t)∥L1(ω) dt
= C(Ω,T ,ω,E)

ω×E
|u(x, t)| dxdt.
In summary, we complete the proof. 
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